Analytical solutions from integral transforms for transient fluid flow
  in naturally fractured porous media with and without boundary flux by Vivas-Cruz, Luis X. et al.
Integral transform solutions for describing transient fluid flow in fractured media
Luis X. Vivas-Cruz
Centro de Ingenier´ıa y Desarrollo Industrial (CIDESI),
Av. Playa Pie de la cuesta 702, Desarrollo San Pablo, Quere´taro, Qro 76125, Mexico
Jorge Adria´n Perera-Burgos
CONACYT - Unidad de Ciencias del Agua, Centro de Investigacio´n Cient´ıfica de Yucata´n A.C. - Calle 8,
No. 39, Mz. 29, S.M. 64, C.P. 77524, Cancu´n, Quintana Roo, Me´xico.
Alfredo Gonza´lez-Caldero´n∗
CONACyT - CIDESI, Av. Playa Pie de la cuesta 702,
Desarrollo San Pablo, Quere´taro, Qro 76125, Mexico
The joint Laplace-Hankel transform is used in order to add new solutions of fluid flow in a
fractured reservoir for applications in oilfield production or groundwater studies. We consider
four cases resulting from the following combination of boundary conditions of a reservoir model:
constant terminal pressure or constant terminal rate and constant pressure or influx recharge at
the external boundary. We observe that the convergence of the obtained solutions is speed up by
using the closed formula of the time-independent part of the inversion formulas and that the inner
boundary condition is achieved only when all terms of the infinite series are considered. In addition,
we establish that when Neumann-Neumann boundary conditions are imposed, a quasi-stationary
solution must be incorporated in order to obtain the correct solution. Finally, we observe matching
between the numerical and exact results.
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2I. INTRODUCTION
In groundwater science and petroleum engineering, the modeling of fluid flow in a reservoir is attractive for re-
search because of its applications for determining the natural properties of the reservoir such as storage, porosities,
permeabilities, wellbore storage, and skin factors. Many models have exact solutions in Laplace space. However, their
inverse transform can be quite complex to obtain by means of contour integration in the complex plane. Remarkably,
the Hankel transform provides a simple way to treat radially symmetric problems, since their inverse transformation
formulas are the solutions of models [1–3]. In this regard, the formulas involve the Dirichlet, Neumann, and Cauchy
boundary conditions.
It is worth mentioning that elastodynamics studies [26, 27] have noted that the finite Hankel transform developed
by Cinelli [2] has some problems. Namely, the inhomogeneous boundary conditions are not satisfied by the inverse
Hankel transform provided in Ref. [2]. In this study, this fact is observed when the Neumann-Neumann boundary
conditions are considered. However, from Ref. [27], we know that a quasi-stationary solution must be considered to
remedy this problem. We obtain this quasi-stationary solution from the long-time asymptotic expansion of the exact
solution in Laplace space.
We employ a joint procedure, the joint Laplace-Hankel transform (JLHT) [4, 5], to solve partial differential equa-
tions with applications in pumping or well tests. This procedure has been used in the past; the Hankel transform
is used with an infinite reservoir with a centered well whose radius tends to zero (line source infinite reservoir),
while the finite Hankel transform is used with a single well centered in a finite circular area (bounded reservoir).
Although the JLHT is adequate to solve models of transient fluid flow in a reservoir, analytical studies on this subject
regarding several porosities are scarce [12, 13]. For this reason, using JLHT, we extend the solutions of fluid flow
in a double-porosity medium and diverse boundary conditions (BCs): Dirichlet-Dirichlet (DD), Dirichlet-Neumann
(DN), Neumann-Dirichlet (ND), and Neumann-Neumann (NN). The inner condition is given by a constant terminal
pressure or constant terminal rate, in accordance with the constraint of well tests. Meanwhile, the outer boundary
has a constant pressure or is defined as a bounded reservoir with a “Ramp” rate condition to simulate natural water
influx or slow-starting waterfloods from injector wells [20] or to simulate rock heterogeneities at the external boundary
that obstructs the flow channels [23] [20]. We note that our solutions are reduced to relationships of fluid flow in a
single-porosity medium, which were released in other works. These relationships are found in Refs. [21], for DD-BC;
[21, 22], for DN-BC; [17], for ND-BC; and, [17, 21, 23], for NN-BC.
JLHT is widely used in the study of crossflow in stratified systems. Boulton and Streltsova [6] provided the
relationships of flow through horizontal layers of a fissured aquifer with a wellbore modeled as a line source, pumped
at a constant rate, and restricted to have vertical permeability. A similar system, with a partially penetrating
well, is found in Ref. [7]. For bounded reservoirs, Katz and Tek [8] studied crossflow in stratified systems; they
considered that a primary contribution of their work is the mathematical analysis. Russell and Prats [9] and Prats [10]
showed that stratified reservoir and single-layer reservoir models have similar behavior over long periods. Shah and
Thambynayagam [11] included two flowing intervals in a partial completion well. In oil recovery research, studies using
JLHT include one on fluid flow in a triple-porosity medium, which is solved by Closmann [12], assuming constant
pressure at the inner boundary and zero flux at the outer boundary. Babak et al [13] gave a unified model with transient
interporosity flow in matrix blocks, which have the form of slabs, spheres, or cylinders. Further developments were
presented by Dacunha [14], including the effect of fluid inertia when the fluid propagates in a porous medium. Exact
solutions by means of other mathematical procedures can be consulted in Refs. [15] and [16], for layered aquifers, and
in Refs. [17] and [18], for oil reservoirs. Other applications of JLHT are found in the books [4, 5, 19].
This work is divided as follows: in sections II and III, the mathematical model and the boundary conditions are
presented, respectively. In section IV, the exact solutions by means of the inverse JLHT are given. In the subsequent
section, the convergence of solutions is discussed. Therein, we also discuss the asymptotic behavior over a long time
of the solution with NN-BC. Finally, in section VI, some general conclusions are drawn.
II. MATHEMATICAL MODEL
Radial fluid flow in a double-porosity medium is described by the Warren and Root model [28], which considers an
equation for the hydraulic head in fractures,
k2
µρ2
1
r
(
r
∂h2
∂r
)
− φ1c1 ∂h1
∂t
= φ2c2
∂h2
∂t
, (1)
and an equation for the hydraulic head in matrix blocks,
φ1c1
∂h1
∂t
=
αk1
µ
(h2 − h1). (2)
3In the previous equations, subscripts 1 and 2 indicate the matrix medium and the fracture medium, respectively; k1
and k2 are the permeabilities; µ is the fluid viscosity; ρ2 is the density of the fluid per unit volume in the fractures;
φi and ci are the porosities and total compressibilities of medium i; and α is the shape factor.
Eqs. (1) and (2) in reduced units are as follows:
ω
∂h2D
∂tD
+ (1− ω)∂h1D
∂tD
=
∂2h2D
∂r2D
+
1
rD
∂h2D
∂rD
, 1 ≤ rD ≤ rDext,
(1− ω)∂h1D
∂tD
= λ(h2D − h1D),
(3)
where the dimensionless dependent variables are given by
hiD ≡

h0 − hi(rD, tD)
h0 − hw , for constant pressure,
2pik2h
µq
[h0 − hi(rD, tD)], for constant flux,
(4)
The dimensionless independent variables are defined as
tD ≡ k2t
µr2w(φ1c1 + φ2c2)
, rD ≡ r
rw
, (5)
and the parameters of the model are
ω ≡ φ2c2
φ1c1 + φ2c2
, λ ≡ αr
2
wk1
k2
, rDext ≡ rext
rw
. (6)
In these latter definitions, rw is the well radius; rDext is the dimensionless radius of the external boundary; ω is the
fracture storage coefficient; λ is the transmissibility coefficient; h0 and hw are the reference hydraulic head and the
hydraulic head at the bottomhole, respectively; h is the thickness of the uniform horizontal formation; and q is the
constant volumetric flow rate.
In addition, the flux in reduced units is defined as follows:
j2D(tD) = −∂h2D(rD, tD)
∂rD
∣∣∣
rD=1
, (7)
where
j2D =

µrw
ρ2k2(hw − h0)j2, for constant pressure,
−2pirwh
ρ2q
j2, for constant flux.
(8)
III. INITIAL AND BOUNDARY CONDITIONS
Assuming that the reservoir has a constant hydraulic head at time zero, the initial conditions are written as
h1D(rD, 0) = h2D(rD, 0) = 0. (9)
The boundary condition at the bottomhole, when a constant hydraulic head is imposed, is given by
h2D(1, tD) = 1. (10)
On the other hand, when a constant flow at the bottomhole is imposed and an influx recharging the reservoir through
the outer boundary is considered, the boundary conditions are as follows:
rD
∂h2D(rD, tD)
∂rD
=

−1, for rD = 1,
f(tD) = −qext(1− e−tD/γ), for rD = rDext,
(11)
4TABLE I. Case studies and their dimensionless boundary conditions used to solve the model (3).
Case Boundary conditions Inner boundary Outer boundary
DD-BC Dirichlet-Dirichlet
h2D(1, tD) = 1 h2D(rDext, tD) = 0
DN-BC Dirichlet-Neumann
h2D(1, tD) = 1 rD
∂h2D(rD, tD)
∂rD
∣∣∣
rD=rDext
= f(tD)
ND-BC Neumann-Dirichlet rD
∂h2D(rD, tD)
∂rD
∣∣∣
rD=1
= −1 h2D(rDext, tD) = 0
NN-BC Neumann-Neumann rD
∂h2D(rD, tD)
∂rD
∣∣∣
rD=1
= −1 rD ∂h2D(rD, tD)
∂rD
∣∣∣
rD=rDext
= f(tD)
where qext ≥ 0 is the influx factor, and γ is a parameter to change the slope of the “Ramp” rate condition. Note that
qext = 0 is for a reservoir with zero flux at the outer boundary.
A constant hydraulic head at the outer boundary also is considered:
h2D(rDext, tD) = 0. (12)
Some combinations of these boundary conditions are shown in Table I. They give rise to the case studies analyzed
in this work.
IV. INTEGRAL TRANSFORM SOLUTIONS
In this section, we solve Eqs. (3) for each of the cases in Table I. We jointly use the Laplace and the finite Hankel
transforms, and each set of boundary conditions gives rise to a representative relationship in Hankel space. Details of
the calculations with the joint Laplace-Hankel transform and their inversion are exposed. In addition, comparisons
with results from the Stehfest method are made for fluid flow in both a double-porosity and single-porosity medium
(ω = 1 and λ = 0). Thereafter, for simplicity in notation, we omit the subscript D of the dimensionless variables
defined in the previous sections.
The model (3) in Laplace space is written as
ωsĥ2 + (1− ω)sĥ1 = ∂
2ĥ2
∂r2
+
1
r
∂ĥ2
∂r
, 1 ≤ r ≤ rext,
(1− ω)sĥ1 = λ(ĥ2 − ĥ1),
(13)
The boundary conditions, from Table I, in Laplace space, are summarized as follows:
ĥ2(1, s) =
1
s
, (14)
r
∂ĥ2(r, s)
∂r
∣∣∣
r=1
= −1
s
, (15)
ĥ2(rext, s) = 0, (16)
r
∂ĥ2(r, s)
∂r
∣∣∣
r=rext
= f̂(s), (17)
ĥi(∞, s) = 0, i = 1, 2, (18)
where s is the Laplace transform variable, x̂ denotes the Laplace transform of x, and the Laplace transform of f(t),
Eq. (11), is given by
f̂(s) = −qext
(
1
s
− 1
s+ 1/γ
)
. (19)
5From Eqs. (13), in order to know the hydraulic head in the fractures, the following equation is obtained:
∂2ĥ2
∂r2
+
1
r
∂ĥ2
∂r
− η(s) ĥ2 = 0, (20)
which is the modified Bessel ordinary differential equation, in which
η(s) =
sω(1− ω) + λ
s(1− ω) + λ s. (21)
Exact solutions of Eq. (20) in Laplace space, for the cases in Table I, are given in Appendix A. With the goal to
compare with the exact results, from the joint Laplace-Hankel transform, the solutions in Appendix A are inverted
using the Stehfest method [29].
The Hankel transform of Eq. (20) leads to the following expressions in the joint Laplace-Hankel space [2]:
˜̂
h2(ki, s) = F(ki, s)

(
ĥ2(r, s)
∣∣∣
r=rext
J0(rki)|r=1
J0(rki)|r=rext
− ĥ2(r, s)
∣∣∣
r=1
)
, for DD-BC,(
r
∂ĥ2
∂r
∣∣∣
r=rext
J0(rki)|r=1
kiJ ′0(rki)|r=rext
− ĥ2(r, s)
∣∣∣
r=1
)
, for DN-BC,(
ĥ2(r, s)
∣∣∣
rext
J ′0(rki)|r=1
J0(rki)|rext
− 1
ki
r
∂ĥ2
∂r
∣∣∣
r=1
)
, for ND-BC,(
r
∂ĥ2
∂r
∣∣∣
rext
J ′0(rki)|r=1
kiJ ′0(rki)|rext
− 1
ki
r
∂ĥ2
∂r
∣∣∣
r=1
)
, for NN-BC,
(22)
where x˜ is the finite Hankel transform of x, and the function F(ki, s) equals 2/{pi[η(s) + k2i ]}. In the following
subsections, we first take the inverse Laplace transform of Eqs. (22), and subsequently, we use the inverse finite
Hankel transform developed by Cinelli [2] to obtain
h2(r, t) =
pi2
2

∑
ki>0
k2i J
2
0 (kirext)h˜2(ki, t)
J20 (ki)− J20 (kirext)
I0,0(ki, r, 1), for DD-BC [ki meets I0,0(ki, 1, rext) = 0],
∑
ki>0
k2i J
2
1 (kirext)h˜2(ki, t)
J20 (ki)− J21 (kirext)
I0,0(ki, r, 1), for DN-BC [ki meets I1,0(ki, rext, 1) = 0],
∑
ki>0
k2i J
2
0 (kirext)h˜2(ki, t)
J21 (ki)− J20 (kirext)
I1,0(ki, 1, r), for ND-BC [ki meets I1,0(ki, 1, rext) = 0],
∑
ki>0
k2i J
2
1 (kirext)h˜2(ki, t)
J21 (ki)− J21 (kirext)
I1,0(ki, 1, r), for NN-BC [ki meets I1,1(ki, 1, rext) = 0],
(23)
where Im,n(x, y, z) = Jm(xy)Yn(xz)− Ym(xy)Jn(xz).
However, since Ref. [27] noted the need to incorporate a quasi-stationary solution for the NN-BC case, we rewrite
Eq. (23) as
h2(r, t) = H−1
[∑
g˜(ki, t)
]
(r) + uc(r, t), (24)
where g˜(ki, t) = h˜2(ki, t) − φ˜(ki); i.e. φ˜(ki) contains the time-independent terms, uc(r, t) is the stationary or quasi-
stationary solution, and H−1[∑ g˜(ki, t)](r) is an infinite sum as given in Eq. (23).
A. Finite reservoir with Dirichlet-Dirichlet boundary conditions
In this work, the first case to be analyzed is the Warren and Root model [28] of a finite reservoir with constant
pressure at the bottomhole and at the outer boundary.
From Eq. (22) (equality of the DD-BC case) and Eqs. (14) and (16), we arrive at
˜̂
h2(ki, s) = −1
s
F(ki, s). (25)
6The inverse Laplace transform of Eq. (25) leads to the following expression in Hankel space:
h˜2(ki, t) = − 2
pik2i
+ g˜(ki, t), (26)
where
g˜(ki, t) =
1
ν
[
(ν + %) exp
{
−ξ + ν
2ψ
t
}
+ (ν − %) exp
{
−ξ − ν
2ψ
t
}]
, (27)
and
ψ = ω(ω − 1),
ξ = −λ+ k2i (ω − 1),
% = λ+ k2i (ω − 1),
ν =
√
ξ2 + 4k2i λψ.
(28)
The term −2/pik2i is time-independent in real space. Therefore, its inverse Hankel transform is the stationary-state
solution of the model (3). Note that the stationary solution can be obtained by solving the Laplace equation, ∇2h2 = 0,
in cylindrical coordinates. Regarding this, the following equality is met:
1− log(r)
log(rext)
= −pi
∞∑
i=1
I0,0(ki, r, 1)J20 (rextki)
J20 (ki)− J20 (rextki)
. (29)
Substituting Eq. (26) into Eq. (23) for the DD-BC case, and simplifying with the previous closed formula, the exact
solution is
h2(r, t) = 1− log(r)
log(rext)
+
pi
2
∞∑
i=1
g˜(ki, t)I0,0(ki, r, 1)J20 (rextki)
J20 (ki)− J20 (rextki)
, (30)
where the ki’s are the positive roots of I0,0(ki, 1, rext) = 0.
The flux is obtained by substituting Eq. (30) into Eq. (7). This is accomplished as follows:
j2(t) =
1
log(rext)
− pi
2
∞∑
i=1
kig˜(ki, t)I0,1(ki, 1, 1)J20 (rextki)
J20 (ki)− J20 (rextki)
. (31)
It can be corroborated that Eqs. (30) and (31), at the limit of single-porosity, recover the formulas in Ref. [21].
In Fig. 1, matching between the exact analytical solutions, Eqs. (30) and (31), and the results from the inversion
of Eqs. (A-1) and (A-2), using the Stehfest method, is observed. Therein, graphs of the hydraulic head and flux in
a double-porosity medium, subfigs. (a) and (b), and in a single-porosity medium, subfigs. (c) and (d), are presented.
Subfig. (b) shows the different production stages: fractures, transition, and matrix. In constrast, in subfig. (d), there
is not a transition zone.
B. Closed finite circular reservoir with Dirichlet-Neumann boundary conditions
The DN-BC case is solved in order to describe the hydraulic head of a reservoir with constant pressure at the bot-
tomhole and influx recharging through the outer boundary. The influx function f(t) is given in Eq. (11). Substituting
Eqs. (14) and (17) into Eq. (22) for the DN-BC case, the following formula is obtained:
˜̂
h2(ki, s) =
(
qextJ0(ki)
rextkiJ1(rextki)
1
(γs2 + s)
− 1
s
)
F(ki, s). (32)
Taking the inverse Laplace transform of Eq. (32) leads to
h˜2(ki, t) =
2
pik2i
[
qext
rext
J0(ki)
kiJ1(rextki)
− 1
]
+ g˜(ki, t), (33)
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FIG. 1. Matching of the results from JLHT and the Stehfest method. In (a) and (c), the behavior of the hydraulic head
throughout the reservoir is presented for different times. In (b) and (d), the behavior of the flux at the bottomhole is shown.
Note that 100 roots are enough to achieve the matching of the graphs of the double-porosity model, while 1000 roots are needed
for the graphs of the single-porosity model.
where
g˜(ki, t) =
qextJ0(ki)
pik3i rextJ1(rextki)ϑν
exp
{
−ξ + ν
2ψ
t
}[(
− 2k2i γ(γλ+ ω − 1) exp
{
(
ξ + ν
2ψ
− 1
γ
)t
}
+
(ψ + λγ)(exp
{
ν
ψ
t
}
+ 1)
)
ν + (λγ(ξ − 2k2i ψ)− ψ%)
(
exp
{
ν
ψ
t
}
− 1
)]
− (34)
1
pik2i ν
exp
{
−ξ + ν
2ψ
t
}[(
exp
{
ν
ψ
t
}
− 1
)
%−
(
exp
{
ν
ψ
t
}
+ 1
)
ν
]
,
ξ, ψ, % and ν are given in Eq. (28), and
ϑ = γξ − ψ + k2i γ2λ. (35)
Similar to the DD-BC case, Eq. (33) includes time-independent terms in real space, whose inverse finite Hankel
transform is the stationary-state solution of model (3), which can be obtained by solving the Laplace equation with
8Dirichlet-Neumann boundary conditions. Regarding this, the following equality is met:
1− qext log(r) = pi
∞∑
i=1
(qext
rext
J0(ki)
kiJ1(rextki)
− 1
)I0,0(ki, r, 1)J21 (rextki)
J20 (ki)− J21 (rextki)
. (36)
Substituting Eq. (33) into Eq. (23), and simplifying with the closed formula (36), the exact solution is
h2(r, t) = 1− qext log(r) + pi
2
2
∞∑
i=1
k2i g˜(ki, t)I0,0(ki, r, 1)J21 (rextki)
J20 (ki)− J21 (rextki)
, (37)
where the ki’s are the positive roots of I1,0(ki, rext, 1) = 0.
In addition, from Eqs. (7) and (37), the radial flux at the bottomhole can be written as
j2(t) = qext − pi
2
2
∞∑
i=1
k3i g˜(ki, t)I0,1(ki, 1, 1)J21 (rextki)
J20 (ki)− J21 (rextki)
. (38)
It can be corroborated that Eqs. (37) and (38), at the limit of single-porosity, recover the formulas in Refs. [21, 22].
In Fig. 2, matching between the exact analytical solutions, Eqs. (37) and (38), and the results from the inversion
of Eqs. (A-3) and (A-4), using the Stehfest method, is observed. Therein, graphs of the hydraulic head and flux in
a double-porosity medium, subfigs. (a) and (b), and in a single-porosity medium, subfigs. (c) and (d), are presented.
Subfig. (b) shows the three production stages attributable to porous media and a dominated zone by boundary effects.
This zone is also observed in subfigs. (b) and (d) from 2000 time units. In subfig. (b), the transition fracture-matrix
is slightly observed between 102 and 103 time units.
C. Finite circular reservoir with Neumann-Dirichlet boundary conditions
Assuming a constant rate at the bottomhole and constant pressure at the outer boundary of a finite reservoir, the
hydraulic head is found; i.e. the ND-BC case is solved. Substituting Eqs. (15) and (16) in Eq. (22), the following
expression is obtained:
˜̂
h2(ki, s) =
1
kis
F(ki, s). (39)
From the inverse Laplace transform of Eq. (39), we obtain the following expression in Hankel space:
h˜2(ki, t) =
2
pik3i
+ g˜(ki, t), (40)
where
g˜(ki, t) =
1
ν
[
(%− ν) exp
{
ν − ξ
2ψ
t
}
− (%+ ν) exp
{
−ξ + ν
2ψ
t
}]
. (41)
As shown above, the inverse finite Hankel transform of the term that does not depend on time is the time-independent
solution of the model (3). This is expressed as
log
(rext
r
)
= pi
∞∑
i=1
I1,0(ki, 1, r)J20 (rextki)
ki[J21 (ki)− J20 (rextki)]
. (42)
Replacing Eq. (40) in Eq. (23), and using Eq. (42), the exact solution is given by
h2(r, t) = log
(rext
r
)
+
pi
2
∞∑
i=1
g˜(ki, t)I1,0(ki, 1, r)J20 (rextki)
ki[J21 (ki)− J20 (rextki)]
, (43)
where the ki’s are the positive roots of I1,0(ki, 1, rext) = 0. It can be corroborated that Eq. (43), at the limit of
single-porosity, recovers the formulas in Ref. [17].
In Fig. 3, matching between the exact analytical solution, Eq. (43), and the results from the inversion of Eq. (A-5),
using the Stehfest method, is observed. Therein, graphs of the hydraulic head and drawdown in a double-porosity
medium, subfigs. (a) and (b), and in a single-porosity medium, subfigs. (c) and (d), are presented. Subfig. (b) shows
the three production stages attributable to porous media, while subfig. (d) has only the effect of a single-porous
medium.
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FIG. 2. Matching of the results from JLHT and the Stehfest method. Graphs of the double-porosity model, subfigs. (a) and (b),
and single-porosity model, subfigs. (c) and (d), when DN-BC are considered. The values of parameters used for the “Ramp”
rate condition are qext = 0.5 and γ = 10
−3. In (a) and (c), 100 roots are enough to achieve the matching of the graphs of the
hydraulic head. Meanwhile, graphs of the log flux in (b) and (d) need 100 and 500 roots, respectively, to achieve the matching
of results.
D. Finite circular reservoir with Neumann-Neumann boundary conditions
The hydraulic head of a double-porosity reservoir with constant rate at the bottomhole and influx f(t) at the outer
boundary is given. Replacing Eqs. (15) and (17) in Eq. (22), we obtain
˜̂
h2(ki, s) =
(
1
kis
− qextJ1(ki)
rextkiJ1(rextki)
1
(γs2 + s)
)
F(ki, s). (44)
The first term on the RHS of Eq. (44) is the no-flow solution, whose inverse Laplace transform is given by
h˜2(ki, t) =
2
pik3i
+ g˜(ki, t), (45)
where
g˜(ki, t) =
1
ν
[
(%− ν) exp
{
ν − ξ
2ψ
t
}
− (%+ ν) exp
{
−ξ + ν
2ψ
t
}]
. (46)
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FIG. 3. Matching of the results from JLHT and the Stehfest method. In (a) and (c), the behavior of the hydraulic head
throughout the reservoir is presented for different times. In (b) and (d), the behavior of the flux at the bottomhole is shown.
Note that 1000 roots are enough to achieve the matching for each pair of results.
Note that the function in Eq. (46) is very similar to that given in Eq. (41), but the difference is in the value that the
function acquires for the different ki’s.
Consequently, the time-independent term is similar to the ND-BC case. Moreover, the second term, on the RHS
of Eq. (44), is the influx term, whose inverse Laplace transform is found by means of the convolution theorem. This
inverse can be written as
1
rext
G˜(ki)
(
L−1
{
f̂(s)
}
∗ L−1
{
˜̂u(ki, s)
})
=
G˜(ki)
rext
∫ t
0
f(t− ζ)u˜(ki, ζ)dζ,
= −qext
rext
G˜(ki)
[
Q˜1(ki, t)− Q˜2(ki, t)
]
, (47)
where G˜(ki) = [2J1(ki)]/[pikiJ1(rextki)], ˜̂u(ki, s) = 1/[η(s) + k2i ], and Q˜1(ki, t) and Q˜2(ki, t) are given in Appendix B.
The inverse Laplace transform of ˜̂u(ki, s) is given by
u˜(ki, t) =
1
2ων
exp
{
−ξ + ν
2ψ
t
}[(
1− exp
{
ν
ψ
t
})
(ξ + 2ωλ) +
(
1 + exp
{
ν
ψ
t
})
ν
]
. (48)
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Therefore, the inverse Laplace transform of Eq. (44) is the sum of the RHS of Eqs. (40) and (47):
h˜2(ki, t) = RHS [Eq. (40) + Eq. (47)]. (49)
In this case study, the Laplace equation has no defined solution. This fact is in accordance with the nonexistence of
a stationary-state solution over a long time, which did exist in the previous case studies that we presented. However,
the asymptotic behavior of the solution over a long time can be found by means of expansion series in Laplace space—
i.e. an expansion of Eq. (A-7) about s = 0 [10, 30]. Thus, the approach for long time of the no-flow term was found
by van Everdingen and Hurst [30] to be
h2,n-f(r, t) =
2
r2ext − 1
(
r2
4
+ t
)
− r
2
ext
r2ext − 1
log(r)− 3r
4
ext − 4r4ext log(rext)− 2r2ext − 1
4(r2ext − 1)2
, (50)
while that for the influx term was found by del Angel et al. [23] to meet
h2,f(r, t) = qext
[ 2
r2ext − 1
(
r2
4
+ t
)
− log(r)
r2ext − 1
− r
4
ext + 2r
2
ext − 4r2ext log(rext)− 3
4(r2ext − 1)2
]
+
2γqext(1− e−t/γ)
r2ext − 1
. (51)
Both previous equalities were obtained in the study of fluid flow in a single-porosity medium. However, they can be
used in the solution of the double-porosity model, since for large values of t, the reservoir is homogeneous, or similar
to a single-porosity medium—i.e. η(s)→ s when s→ 0.
Eqs. (40) and (47) include the terms 2/pik3i and −qextG˜(ki)/(rextk2i ), respectively, whose inverse finite Hankel
transform is time-independent. This implies that the time-independent terms of Eqs. (50) and (51) must equal the
inverse finite Hankel transform of 2/pik3i and −qextG˜(ki)/(rextk2i ), respectively. Therefore,
pi
∞∑
i=1
I1,0(ki, 1, r)J21 (rextki)
ki[J21 (ki)− J21 (rextki)]
=
r2
2(r2ext − 1)
− r
2
ext
r2ext − 1
log(r)− 3r
4
ext − 4r4ext log(rext)− 2r2ext − 1
4(r2ext − 1)2
, (52)
and
−qextpi
∞∑
i=1
J1(ki)I1,0(ki, 1, r)J1(rextki)
rextki[J21 (ki)− J21 (rextki)]
= −qext
[
r2
2(r2ext − 1)
− log(r)
r2ext − 1
− r
4
ext + 2r
2
ext − 4r2ext log(rext)− 3
4(r2ext − 1)2
]
+
2γqext
r2ext − 1
.
(53)
Substituting Eq. (49) into Eq. (23) and using the previous closed formulas, the hydraulic head is
h2(r, t) =
pi2
2
∞∑
i=1
k2i
(
χ˜(ki, t) + (qext/rext)G˜(ki)
[
Q˜2(ki, t)− R˜1(ki, t)
])I1,0(ki, 1, r)J21 (rextki)
J21 (ki)− J21 (rextki)
+
2
r2ext − 1
(
r2
4
+ t
)
− r
2
ext
r2ext − 1
log(r)− 3r
4
ext − 4r4ext log(rext)− 2r2ext − 1
4(r2ext − 1)2
+ qext
[ 2
r2ext − 1
(
r2
4
+ t
)
− log(r)
r2ext − 1
− r
4
ext + 2r
2
ext − 4r2ext log(rext)− 3
4(r2ext − 1)2
]
+
2γqext(1− e−t/γ)
r2ext − 1
,
(54)
where
χ˜(ki, t) =
1
pik3i ν
exp
{
− (ξ + ν)
2ψ
t
}
×
[(
exp
{
ν
ψ
t
}
− 1
)
%−
(
exp
{
ν
ψ
t
}
+ 1
)
ν
]
(55)
and the ki’s are the positive roots of I1,1(ki, 1, rext) = 0. It is worth mentioning that in the solution (54) the temporal
terms of Eqs. (50) and (51) is included. These terms are omitted in the Cinelli developments [2]. A discussion in this
respect is given in the following section. It can be corroborated that Eq. (54), at the limit of single-porosity, recovers
the formulas in Refs. [17, 21, 23]
In Fig. 4, matching between the exact analytical solution, Eq. (54), and the results from the inversion of Eq. (A-7)
using the Stehfest method, is observed. Therein, graphs of the hydraulic head and drawdown in a double-porosity
medium, subfigs. (a) and (b), and in a single-porosity medium, subfigs. (c) and (d), are presented. Subfig. (d) shows
the transition and dominated zone by boundary effects. These effects also are seen in subfig. (b). In addition, this
latter subfigure includes the transition fracture-matrix, which is difficult to identify since is in the same zone in which
the transition is dominated by boundary effects.
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FIG. 4. Matching of the results from JLHT and the Stehfest method. Graphs of the double-porosity model, subfigs. (a) and
(b), and single-porosity model, subfigs. (c) and (d), when NN-BC is considered. The values of parameters used for the “Ramp”
rate condition are qext = 0.5 and γ = 10
−3. In (a) and (c), 100 roots are enough to achieve the matching of the graphs of the
hydraulic head. Meanwhile, graphs of the log flux in (b) and (d) need 200 roots to achieve the matching of results.
V. DISCUSSION
A. Convergence of the series
The solutions presented above include closed formulas of the time-independent infinite series. These formulas are
the stationary-state solutions for the DD-BC, DN-BC and ND-BC cases, while for the NN-BC case, the closed formula
is part of the asymptotic behavior over a long time. In the previous section, matching between the exact solutions
and the results of the Stehfest method is observed. However, when the time-independent infinite series are used in
computations, instead of the closed formulas, the convergence of the solutions is very slow near the bottomhole; see
examples in Fig. 5 (a) and 5 (b). In addition, the solution from this computation does not meet the inner boundary
condition when a finite number of roots is used. It is remarkable that when the closed formulas are used, the boundary
condition always is met independently of the number or roots.
Fig. 5 (a) contains graphs of the DD-BC case with 103, 104 and 105 roots. Despite the great increase in the number
of roots, the solution oscillates considerably around the result from the Stehfest method; see the inset in Fig. 5 (a).
Note that when the closed formula is used in computation of solutions, there are no oscillations, and matching is
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achieved with 102 roots; see the example in Fig. 1. A similar description can be given for the DN-BC case (results
not presented). Moreover, the Fig. 5 (b) contains graphs with 102, 103 and 104 roots. The graph with 103 roots has
a deviation of the value of the inner boundary condition, while the graph with 104 roots matches very well, to the
naked eye, with the result from the Stehfest method. Note that when the closed formula is used in the computation
of solutions, matching is achieved with 200 roots and always meets the boundary condition; see the example in Fig. 3.
In addition, it is observed that the ND-BC and NN-BC cases have a quick convergence to the DD-BC and DN-BC
cases.
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FIG. 5. Results of the double-porosity model using time-independent infinite series, when the (a) DD-BC and (b) ND-BC
cases are considered. (a) With increasing number of roots, a slow convergence and oscillations around the result of the Stehfest
method are observed, and the inner boundary condition is not met. (b) These solutions oscillate less than the graphs of the
DD-BC case. In fact, with increasing number of roots, a smooth solution is obtained.
B. Steady-state solutions
The Laplace equation allows the steady-state solutions of the flow model to be known. When there is a fixed flow
at the inner boundary and an influx through the outer boundary, the Laplace equation has no solution, unless that
inner and outer boundary conditions are equal [31]. This is easy to see since
1
r
∂
∂r
(
r
∂θ
∂r
)
= 0⇒ θ(r) = A log(r) +B, (56)
leads to an undefined θ unless the constant A has the same value in both boundaries. In this latter case, there is a
stationary solution since no net flow enters or leaves the reservoir. Otherwise, there is no time-independent steady
state, since the total fluid flow increases or decreases at any time. Moreover, steady-state solutions also can be obtained
using an expansion series of the solutions in Laplace space. With this goal, these solutions are expanded about s = 0.
Subsequently, the asymptotic behavior over a long time is recovered by taking the inverse Laplace transform. In this
way, it is possible to know a formula for the hydraulic head over a long time for the NN-BC case. This methodology
also can be employed for the DD-BC, DN-BC and ND-BC cases in order to obtain the stationary-state solutions.
With this goal, first-order expansion of I0, I1, K0, and K1 is needed for DD-BC and DN-BC, while second-order
expansions of these functions are needed for the ND-BC case.
Fig. 6 exhibits a mistake of the Cinelli solution [2], when the NN-BC case is analyzed. Namely, their results remain
constant over a long time when the quasi-stationary solution is not considered; see the solid line in Fig. 6. This can
be corroborated 1) by substituting Eq. (49) directly into Eq. (23)—i.e. regarding infinite series instead their closed
formulas—or 2) in Eq. (54) by removing the temporal terms from closed formulas, which is equivalent to having the
Cinelli relationship. Both procedures lead to the same results, which do not match with the result from the Stehfest
method (dashed line in Fig. 6). In fact, we know the asymptotic behavior over a long time [23, 30], in which, in
accordance with Ref. [27], it is necessary to include in the Cinelli solution in order to achieve the matching with the
result from the Stehfest method. Regarding this, the correct solution is obtained.
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FIG. 6. Results for the NN-BC case study. The solid line is the result without including the temporal terms of Eqs. (50) and
(51), while the dashed line includes these terms. The values of the parameters are given in Fig. 4, but in this figure, 3 × 104
roots are used.
VI. CONCLUSIONS
We found exact solutions of the double-porosity model using the joint Laplace-Hankel transform. The combinations
of the Dirichlet and Neumann boundary conditions give rise to our case studies, which are of interest in petroleum
engineering and groundwater science. Matching between the graphs of the hydraulic head, drawdown, and flux with
the results from the Stehfest method is observed. For particular values of the parameters (ω = 1 and λ = 0), our
solutions are simplified to those previously given in the literature—i.e. solution to the single-porosity model. Closed
formulas for the time-independent infinite series are exposed. We recommend treating axially asymmetric problems,
when the finite Hankel transform is used, as in Eq. (24). This formula allows the correct solutions to be obtained
and implies a quick convergence of solutions. Because the formulas in Ref. [2] result in errors, correction terms to the
inverse finite Hankel transform [2] for the NN-BC case were added to the solution in order to satisfy the boundary
conditions for the hydraulic head.
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APPENDIX A: SOLUTIONS IN LAPLACE SPACE OF THE DIFFERENT CASE STUDIES
Table II includes the hydraulic head and flux in Laplace space for model (3) regarding the boundary conditions in
Table I.
APPENDIX B: FUNCTIONS Q˜1(ki, t) AND Q˜2(ki, t) OF EQ. (47)
Eq. (47) also can be written as
1
rext
G˜(ki)
(
L−1
{
f̂(s)
}
∗ L−1
{
˜̂u(ki, s)
})
= −qext
rext
G˜(ki)
∫ t
0
[1− e−(t−ζ)/γ ]u˜(ki, ζ)dζ. (B-1)
The integral on the RHS of the previous equation has the following solution:∫ t
0
[1− e−(t−ζ)/γ ]u˜(ki, ζ)dζ = Q˜1(ki, t)− Q˜2(ki, t),
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TABLE II. Solutions in Laplace space of model (3) for the different case studies.
Case Hydraulic head∗ Flux∗
DD-BC
ĥ2(r, s) =
Ψ0,0
(
rext, r,
√
η(s)
)
sΨ0,0
(
rext, 1,
√
η(s)
) (A-1) ĵ2(s) =
√
η(s)Ψ0,1
(
rext, 1,
√
η(s)
)
sΨ0,0
(
1, rext,
√
η(s)
) (A-2)
DN-BC
ĥ2(r, s) =
Ψ1,0
(
rext, r,
√
η(s)
)
sΨ0,1
(
1, rext,
√
η(s)
)+
f̂(s)
rext
Ψ0,0
(
1, r,
√
η(s)
)
√
η(s)Ψ0,1
(
1, rext,
√
η(s)
)
(A-3)
ĵ2(s) =
√
η(s)Ψ1,1
(
1, rext,
√
η(s)
)
sΨ0,1
(
1, rext,
√
η(s)
) −
f̂(s)
rext
Ψ0,1
(
1, 1,
√
η(s)
)
Ψ0,1
(
1, rext,
√
η(s)
)
(A-4)
ND-BC
ĥ2(r, s) =
Ψ0,0
(
r, rext,
√
η(s)
)
s
√
η(s)Ψ0,1
(
rext, 1,
√
η(s)
) (A-5) ĵ2(s) = 1s (A-6)
NN-BC
ĥ2(r, s) =
Ψ0,1
(
r, rext,
√
η(s)
)
s
√
η(s)Ψ1,1
(
1, rext,
√
η(s)
)+
f̂(s)
rext
Ψ0,1
(
r, 1,
√
η(s)
)
√
η(s)Ψ1,1
(
1, rext,
√
η(s)
)
(A-7)
ĵ2(s) =
1
s
(A-8)
∗Ψm,n (Φ,Υ, x) = Km(Φx)In(Υx) + (−1)m+n+1Im(Φx)Kn(Υx) and η(s) = {[sω(1− ω) + λ]s}/[s(1− ω) + λ].
where
Q˜1(ki, t) =
∫ t
0
u˜(ki, ζ)dζ
=
1
2k2i ν
exp
{
− (ξ + ν)
2ψ
t
}
×
[(
exp
{
ν
ψ
t
}
− 1
)
%+
(
2 exp
{
(ξ + ν)
2ψ
t
}
− exp
{
ν
ψ
t
}
− 1
)
ν
]
,
(B-2)
and
Q˜2(ki, t) =
∫ t
0
e−(t−ζ)/γ u˜(ki, ζ)dζ
=
γ(ω − 1)
ν
e−t/γ ×
[ A+ ν
B − 2ψ −
A− ν
C − 2ψ − e
−(B−2ψ)/(2γψ)t
(
e(ν/ψ)t(A− ν)
C + 2ψ +
A+ ν
B − 2ψ
)]
,
(B-3)
where, in turn, ξ, ν and ψ are given in Eq. (28), A = ξ + 2ωλ, B = (ν + ξ)γ and C = (ν − ξ)γ.
Note that Eq. (B-2) has a time-independent term, equal to 1/k2i , in such a way that Q˜1(ki, t) = 1/k
2
i + R˜1(ki, t),
where
R˜1(ki, t) =
1
2k2i ν
exp
{
− (ξ + ν)
2ψ
t
}
×
[(
exp
{
ν
ψ
t
}
− 1
)
%−
(
exp
{
ν
ψ
t
}
+ 1
)
ν
]
. (B-4)
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To highlight this fact, Eq. (54) is written in terms of R˜1(ki, t).
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